Abstract. We show that there exists an infinite family of knots each of which has, for each integer k ≥ 0, a destabilized (2k + 5)-bridge sphere. We also show that, for each integer n ≥ 4, there exists a knot with a destabilized 3-bridge sphere and a destabilized n-bridge sphere.
Introduction
We study bridge spheres of knots in the 3-sphere, paying particular attention to destabilized ones. Any knot admits infinitely many bridge spheres, and to classify them is a general problem. In particular, studying destabilized ones is essential because all the others can be obtained from them by stabilizations up to isotopy. (See Section 2 for definitions.)
Some knots admit unique destabilized bridge spheres up to isotopy. Otal [10] showed that the trivial knot admits no other destabilized bridge spheres than those isotopic to the canonical 1-bridge sphere. Schubert [16] showed that each nontrivial rational knot admits a unique 2-bridge sphere up to isotopy, and Otal [11] showed that it admits no other destabilized bridge spheres than those isotopic to the 2-bridge sphere. The third author [12] obtained the corresponding result for torus knots. Zupan [19] showed that, if a meridionally small knot admits a unique destabilized bridge sphere up to isotopy, then any cable knot of it does also. Some knots, however, admit multiple non-isotopic destabilized bridge spheres. Birman [2] gave a composite knot with two non-isotopic destabilized 3-bridge spheres. Montesinos [7] gave a prime knot with two non-isotopic destabilized 3-bridge spheres. Johnson-Tomova [5] gave a knot with two non-isotopic destabilized bridge spheres which are far apart in the sense of stable equivalence. The first author [3, 4] gave a knot with four destabilized 3-bridge spheres which are pairwise non-isotopic. The third and fourth authors [13] gave a knot with a destabilized 3-bridge sphere and a destabilized 4-bridge sphere.
In this paper, we give an infinite family of knots each of which has a 5-bridge sphere and destabilized bridge spheres of arbitrarily high bridge number, as follows. Theorem 1. Let K p1,p2,p3,p4,q,k and S p1,p2,p3,p4,q,k be the knot and the sphere, respectively, shown in Figure 1 , for integers p 1 , p 2 , p 3 , p 4 , q and a non-negative integer k. The knot type of K p1,p2,p3,p4,q,k does not depend on k, and if |2p i + 1| ≥ 5 for each i ∈ {1, 2, 3, 4} and q is an even number with |q| ≥ 12, then S p1,p2,p3,p4,q,k is a destabilized (2k + 5)-bridge sphere of K p1,p2,p3,p4,q,k . 2k+1 q full twists
S p1,p2,p3,p4,q,k Figure 1 . A knot K p1,p2,p3,p4,q,k and a sphere S p1,p2,p3,p4,q,k . The box labelled "p i " represents the p i left-handed half twists. See also the top of Figure 4 for the case where p 1 = p 2 = p 3 = p 4 = 2, q = 0 and k = 4.
It remains an open problem whether there exists a knot which has a 3-bridge or 4-bridge sphere and destabilized bridge spheres of arbitrarily high bridge number. We remark that such a knot cannot have a 2-bridge sphere, by the fact that only rational knots may admit 2-bridge spheres, and the results about rational knots mentioned above. As an answer for a subordinate problem, we give the following. Theorem 2. Let K n , S ⊥ n and S n be the knot and the two spheres, respectively, shown in Figure 2 , for an integer n with n ≥ 4. Then, S ⊥ n is a destabilized 3-bridge sphere of K n , and S n is a destabilized n-bridge sphere of K n . This work is motivated by Casson-Gordon's work for Heegaard surfaces of 3-manifolds. They gave an infinite family of 3-manifolds each of which has destabilized Heegaard surfaces of arbitrarily high genus, and we use their result for the proof of Theorem 1 (see Section 3). Also, they introduced a criterion for recognizing destabilized Heegaard surfaces and used it for their proof, and similarly we introduce a criterion for recognizing destabilized bridge spheres (see Section 4) and use it for our proof of Theorem 2 (see Section 5).
Heegaard surfaces and bridge spheres
In this section, we briefly review standard definitions and facts concerning Heegaard surfaces of 3-manifolds and bridge spheres of links.
in the case where n is even
in the case where n is odd Figure 2 . A knot K n and spheres S ⊥ n and S n . The knot K n intersects S n in 2n points. The second top weft runs under the warps, and the third weft runs over the warps. Each of the other wefts threads across the warps by repeating "over, over, under, under" with the exception in the leftmost and rightmost parts.
Heegaard surfaces.
A handlebody is a 3-manifold H homeomorphic to a closed regular neighborhood of a connected finite graph embedded in R
3 . An essential disk of H is a properly embedded disk D in H such that ∂D does not bound a disk in the surface ∂H.
A Heegaard surface of a closed orientable 3-manifold M is a closed surface Σ ⊂ M which decomposes M into two handlebodies. That is to say, there are two handlebodies
The notion of stabilization for Heegaard surfaces is defined as follows. Let M , Σ, H + , H − be as above. Let γ be a properly embedded arc in H − parallel to Σ, and N (γ) be a closed regular neighborhood of γ. Let H + denote the union H + ∪ N (γ), H − denote the closure of H − \ N (γ), and Σ denote their common boundary. Then, both H + , H − are handlebodies and so Σ is a Heegaard surface of M . We say that Σ is obtained from Σ by a stabilization. Note that the genus of Σ is greater than that of Σ by one, and that the isotopy class of Σ depends only on the isotopy class of Σ.
A Heegaard surface is said to be destabilized if it cannot be obtained from another Heegaard surface by a stabilization.
A Heegaard surface is said to be strongly irreducible if any essential disk of one of the handlebodies and any essential disk of the other have non-empty intersection. It is known that a strongly irreducible Heegaard surface is destabilized, with the exception of Heegaard surfaces of genus 1 of S 3 .
2.2. Bridge spheres. An n-string trivial tangle is the pair (B, τ ) of a 3-ball B and a collection τ of pairwise disjoint properly embedded arcs τ 1 , τ 2 , . . . , τ n in B simultaneously parallel to ∂B. There are pairwise disjoint disks E 1 , E 2 , . . . , E n in B such that E i is cobounded by τ i and an arc in ∂B for each i ∈ {1, 2, . . . , n}. We call {E 1 , E 2 , . . . , E n } a complete collection of bridge disks of (B, τ ). An essential disk of (B, τ ) is a properly embedded disk D in B such that D ∩ τ = ∅ and ∂D does not bound a disk in the 2n-punctured sphere ∂B \ τ . An n-bridge sphere of a link L in the 3-sphere S 3 is a 2-sphere S ⊂ S 3 which is transverse to L and decomposes (S 3 , L) into two n-string trivial tangles. That is to say, the pairs (B + , τ + ), (B − , τ − ) are n-string trivial tangles, where
denote the 3-balls divided by S and τ
We call the number n the bridge number of the bridge sphere S. Two bridge spheres S 1 , S 2 of L are said to be isotopic if there is an ambient isotopy {F t :
The notion of stabilization for bridge spheres is defined as follows. Let L, S, n, B + , B − , τ + , τ − be as above. Let α, β, γ be arcs in τ − , S, B − , respectively, such that γ ∩ S consists of one endpoint of γ and γ ∩ τ − consists of the other endpoint, and α ∪β ∪γ is the boundary of a disk in B − whose interior is disjoint from τ − . Let N (γ) be a closed regular neighborhood of γ. Let B + denote the union
− denote the closure of B − \ N (γ), and S denote their common boundary. Let
-string trivial tangles and so S is an (n + 1)-bridge sphere of L. We say that S is obtained from S by a stabilization. Note that the isotopy class of S depends only on the isotopy class of S if L is a knot.
A bridge sphere is said to be destabilized if it cannot be obtained from another bridge sphere by a stabilization.
A bridge sphere is said to be strongly irreducible if any essential disk of one of the trivial tangles and any essential disk of the other have non-empty intersection. It is known that a strongly irreducible bridge sphere is destabilized, with the exception of 2-bridge spheres of the trivial knot.
Proof of Theorem 1
In this section, we give a proof of Theorem 1. To do this, we use the result of Casson-Gordon's about Heegaard surfaces of 3-manifolds as mentioned in Section 1.
We use, for simplicity, the symbols K q,k and S q,k for the knot K p1,p2,p3,p4,q,k and the sphere S p1,p2,p3,p4,q,k , respectively, shown in Figure 1 . At this stage, we make no assumption on the integers p 1 , p 2 , p 3 , p 4 , q and the non-negative integer k.
First of all, it is easy to see that the sphere S q,k is a (2k + 5)-bridge sphere of the knot K q,k . Indeed, K q,k is in a (2k + 5)-bridge position with respect to the height in Figure 1 , and S q,k is a dividing sphere for K q,k (see [15] for the concept of bridge position).
The q full twists in the construction of K q,k can be regarded as a (1/q)-surgery along a trivial knot O as in Figure 3 . That is to say, (S 3 , K q,k ) is obtained from (S 3 , K 0,k ) by drilling out a closed regular neighborhood V of O and filling it back so that a meridian of V is identified with a (1/q)-curve on ∂W , where W denotes the closure of S 3 \ V . We may suppose that O is contained in the sphere S 0,k , and that ∂(S 0,k ∩ V ) is identified with ∂(S 0,k ∩ W ) under the surgery. It follows that the images of S 0,k ∩ V and S 0,k ∩ W form the sphere S q,k . Let V q,k and W q,k denote the images of V and W , respectively. The knot type of K q,k does not depend on the number k, which can be seen as follows. Note that the link K 0,k ∪ O can be obtained from K 0,0 ∪ O by rotating the ball B 2 illustrated in the top of Figure 4 about the axis O. This shows that the link type of K 0,k ∪ O does not depend on k. The link type and the integer q uniquely determine the knot type of the knot obtained from K 0,k by the (1/q)-surgery along O. The resultant knot therefore does not depend on k. This together with the fact mentioned in the last paragraph gives the desired result.
We deform the link K 0,k ∪O together with the sphere S 0,k by an ambient isotopy of S 3 as illustrated in Figure 4 . In the first step, the two arcs a 1 , a 2 of K 0,k \(B 1 ∪B 2 ) are pulled forward and backward, respectively, to coil around O. In the second step, the ball above S 0,k is shrunk, and K 0,k is moved to be suspended from one edge of O. In the third step, K 0,k is straightened and O ⊂ S 0,k is distorted for it. Abusing notation, we continue to denote the results of this deformation by K 0,k , S 0,k , O, V , W , and to denote the images under the (1/q)-surgery by
From now on, we consider the 2-fold covering of S 3 branched along K q,k , denoted
q,k (W q,k ). We can understand the covering ρ 0,k : M 0,k → S 3 from the bottom of Figure 4 . Specifically, we can see the following. The covering space M 0,k is the 3-sphere, Σ 0,k is a Heegaard surface of genus 2k + 4, and ρ The covering map ρ 0,k is the quotient by the π-rotation of M 0,k about the center horizontal axis. Note that V 0,k is a closed regular neighborhood of P in M 0,k , and Figure 5 . The Heegaard surface Σ 0,k and the pretzel knot P , in the case where
denote the homomorphism associated with ρ 2q ,k , and e 2q ,k :
is generated by the elements coming from meridians of K 0,k and O, denoted by m and µ, respectively. Let λ denote the the element coming from a longitude of O. We have (ϕ 2q ,k •e 2q ,k )(µ) = (ϕ 2q ,k •e 2q ,k )(µ)+2(ϕ 2q ,k •e 2q ,k )(q λ) = (ϕ 2q ,k • e 2q ,k )(µ + 2q λ) = 0 since e 2q ,k (µ + 2q λ) comes from a meridian of V 2q ,k . Also, we have (ϕ 2q ,k • e 2q ,k )(m) = 1 since e 2q ,k (m) comes from a meridian of the branch set K 2q ,k of ρ 2q ,k . Thus we obtain ϕ 2q ,k • e 2q ,k = ϕ 0,k • e 0,k . This shows that the associated coverings ρ 2q ,k | W 2q ,k and ρ 0,k | W 0,k coincide under a homeo-
is an unbranched 2-fold covering of the solid torus V 2q ,k . There are two possibilities in one of which V 2q ,k is a solid torus, and in the other of which V 2q ,k is two copies of a solid torus. Note that ∂ W 2q ,k is a single torus as well as ∂ W 0,k by the above results. Since ∂ V 2q ,k is identified with the single torus, V 2q ,k is a single solid torus as well as V 0,k . The total covering space M 2q ,k is obtained by gluing W 2q ,k and V 2q ,k appropriately. Recall that a meridian of V 2q ,k is identified with a (1/2q )-curve on ∂W 2q ,k , and ∂(S 2q ,k ∩ V 2q ,k ) is identified with ∂(S 2q ,k ∩ W 2q ,k ). Note that the meridian of V 2q ,k lifts to a pair of meridians of V 2q ,k . One can see that a (1/2q )-curve on ∂W 0,k lifts to a pair of (1/q )-curves on ∂ W 0,k , and it follows that the (1/2q )-curve on ∂W 2q ,k lifts to a pair of (1/q )-curves on ∂ W 2q ,k . These facts show that a meridian of V 2q ,k is identified with a (1/q )-curve on ∂ W 2q ,k , and
By the above, the covering space M 2q ,k and the lift Σ 2q ,k of S 2q ,k turn out to be the 3-manifold and the Heegaard surface constructed by Casson-Gordon. That is to say, M 2q ,k is obtained from the 3-sphere M 0,k by a (1/q )-surgery along the pretzel knot P , and Σ 2q ,k is the image of the Heegaard surface Σ 0,k . CassonGordon showed that, if |2p i + 1| ≥ 5 for each i ∈ {1, 2, 3, 4} and |q | ≥ 6, then the Heegaard surface Σ 2q ,k is strongly irreducible. Though their original proof has been unpublished, one can verify this fact by [8, Theorem A] and the incompressibility of Σ 0,k \ P shown in [14] .
The strong irreducibility of Σ q,k guarantees the strong irreducibility of S q,k , which can be seen as follows. Assume that S q,k is not strongly irreducible. There exist disjoint essential disks D + , D − of the trivial tangles divided by S q,k . A component of ρ Thus, we conclude that, if |2p i + 1| ≥ 5 for each i ∈ {1, 2, 3, 4} and q is an even number with |q| ≥ 12, then the bridge sphere S q,k is strongly irreducible, particularly destabilized, for k ≥ 0. This completes the proof of Theorem 1.
We remark that {K 2q ,k } q ∈Z contains infinitely many equivalence classes of knots, which can be seen as follows. By [18] , the knot P is hyperbolic and the manifold M 2q ,k is hyperbolic if |2p i + 1| ≥ 2 for each i ∈ {1, 2, 3, 4} and q = 0. By [9] , the set {the length of the shortest geodesic in M 2q ,k } q ∈Z is an infinite set.
We remark that another proof of Theorem 1 by constructing our bridge spheres from Casson-Gordon's Heegaard surfaces is no easier than the above proof. It is well known that one can construct a bridge sphere of a link from a Heegaard surface of a 3-manifold if the manifold admits an involution whose restriction to each of the handlebodies is hyperelliptic. It is true that the π-rotation of W 2q ,k = W 0,k ⊂ M 0,k about the center horizontal axis in Figure 5 extends to an involution of M 2q ,k . It is also true but cannot be proved easily that the restriction of the involution to each of the handlebodies divided by Σ 2q ,k is hyperelliptic.
Bridge diagrams and 2-connected condition
In this section, we define the notions of bridge diagram and 2-connected condition, and prove the following. Theorem 3. An n-bridge sphere S with n ≥ 3 of a link is strongly irreducible if there exist a bridge diagram (σ + , σ − ) of the bridge sphere S and a loop l on S such that the pair ((σ + , σ − ), l) satisfies the 2-connected condition.
This is a refinement of previous work by the fourth author [17] . We mention that Kwon [6] recently gave another criterion for recognizing strongly irreducible bridge spheres. We use the following notation. Let S be an n-bridge sphere with n ≥ 3 of a link L in S 3 . Let B + , B − ⊂ S 3 denote the 3-balls divided by S, and let τ
. . , E ε n } be a complete collection of bridge disks of (B ε , τ ε ), and let τ for each i ∈ {1, 2, . . . n}, where the index i + 1 is considered modulo n. Let A i,j,ε be the collection of components of σ + ∩ S ε separating δ i from δ j in S ε for distinct i, j ∈ {1, 2, . . . , n} and ε ∈ {+, −}. Note that A i,j,ε consists of parallel arcs in S ε . Let G i,j,ε be the graph such that the vertex set is {1, 2, . . . , n}, and distinct vertices v, w span an edge if A i,j,ε has a subarc of σ are contained in the closure of one component of S ε \ σ + . We say that the pair ((σ + , σ − ), l) satisfies the 2-connected condition if the graph G i,j,ε is 2-connected (i.e. connected even after deleting any vertex) for every combination of distinct i, j ∈ {1, 2, . . . , n} and ε ∈ {+, −}.
For example, we examine the bridge diagram (σ + , σ − ) of a 4-bridge sphere of a knot as in the top of Figure 6 . We choose l to be the loop on the sphere S represented by the horizontal line containing σ − , and choose S + (resp. S − ) to be the hemi-sphere above (resp. below) l. The bottom of the figure shows the arcs of A 1,2,+ and the graph G 1,2,+ . Clearly G 1,2,+ is 2-connected. One can check that G 2,3,+ is, however, not 2-connected, and so the pair ((σ + , σ − ), l) does not satisfy the 2-connected condition. Figure 6 . A bridge diagram, the arcs of A 1,2,+ and the graph G 1,2,+ .
In the rest of this section, we give a proof of Theorem 3.
By way of contradiction, we assume that an n-bridge sphere S is not strongly irreducible and the pair ((σ + , σ − ), l) satisfies the 2-connected condition with the above notation. 
We consider a graph G ( 
Proof of Theorem 2
In this section, we give a proof of Theorem 2. To do this, we use the method introduced in Section 4. This is a sequel of previous work by the third and fourth authors [13] .
First of all, it is easy to see that the spheres S n and S ⊥ n shown in Figure 2 are an n-bridge sphere and a 3-bridge sphere, respectively, of the knot K n . Indeed, the figure shows a 2n-plat presentation of K n , and shows a 6-plat presentation of K n after the (π/2)-rotation and a slight deformation (see [1] for the concept of plat presentation).
We regard the knot K n as lying in the product space S n × [−1, 6] as in Figure 7 . The sphere S n is regarded as the section S n × {0}, and we let S n (s) = S n × {s} for each s ∈ [0, 5]. We suppose that K n is contained in the vertical annulus A shown in the figure except for We choose complete collections of bridge disks of the trivial tangles divided by S n as follows. LetĒ 
we observe the deformation of the arcs of σ + (s) as s descends from 5 to 0. Note that σ + (5) is the collection of straight arcs in the sphere S n (5) as in Figure 8 . As s descends from 5 to 4, the left endpoint of the rightmost arc σ + n (s) moves as described by the gray arrow in the figure. This gives us σ + (4) ⊂ S n (4) as in Figure 9 . By similar observation as s descends to 3 (resp. to 2), we have σ + (3) (resp. σ + (2)) as in Figure 10 (resp. Figure 11 ). Note that the region R(2) ⊂ S n (2) in Figure 11 contains n + 1 subarcs of σ + (2) as in Figure 12 . We continue our observation as s descends to 1 and to 0. Though we do not include the whole picture of σ + (1) (resp. σ + (0)), by paying particular attention to the deformation of R(2), we can find a region R(1) ⊂ S n (1) (resp. R(0) ⊂ S n (0)) as in Figure 13 (resp. Figure 14 ) which contains n + 1 subarcs of σ + (1) (resp. σ + (0)) as in Figure 12 . We can see that the pair ((σ + , σ − ), l) satisfies the 2-connected condition as follows. Let S + , S − , δ 1 , δ 2 , . . . , δ n and G i,j,ε be as in Section 4. We can see from Figure 14 that there exist components of R(0) ∩ S + as in Figure 15 . In particular, there exists at least one component of R(0) ∩ S + separating δ i from δ j in S + for each pair of distinct i, j ∈ {1, 2, . . . , n}. Since R(0) contains subarcs of σ + (0) as in Figure 12 , the component of R(0)∩S + contains a subarc of σ which are adjacent in S + for each v ∈ {1, 2, . . . , n}, where the index v + 1 is considered modulo n. The graph G i,j,+ therefore has a cycle passing through the vertices 1, 2, . . . , n in this order, which implies that G i,j,+ is 2-connected. Similarly, one can also check that G i,j,− is 2-connected for each pair of distinct i, j ∈ {1, 2, . . . , n}.
By Theorem 3, the n-bridge sphere S n is strongly irreducible, particularly destabilized. It follows that the knot K n is not a rational knot since a rational knot cannot admit a destabilized n-bridge sphere by the results mentioned in Section 1. It follows that the 3-bridge sphere S ⊥ n is also destabilized since only rational knots may admit a 2-bridge sphere. This completes the proof of Theorem 2. l (2) the leftmost part l (2) R (2) the rightmost part in the case where n is even l (2) R (2) the rightmost part in the case where n is odd Figure 11 . The arcs of σ + (2) in the sphere S n (2). A region R(2) is painted over with darker gray. n 1 2 . . . n − 2 n − 1 n Figure 12 . Subarcs of σ + (r) contained in the region R(r) for each r ∈ {2, 1, 0}, where "i" stands for a subarc of σ Figure 14 . The region R(0) in the sphere S n , whose long middle part looks like an arc. l δ 1 δ 2 δ 3 δ 4 δ n−3 δ n−2 δ n−1 δ n in the case where n is even l δ 1 δ 2 δ 3 δ 4 δ n−3 δ n−2 δ n−1 δ n in the case where n is odd Figure 15 . Some components of R(0) ∩ S + .
